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 
Abstract— In this paper we examine denoising 
performance of four wavelet thresholding 
algorithms i.e., Universal, Rigrous SURE, Minimax 
with hard and soft threshold, and Neighbourhood 
based threshold on synthetic and real ECG signal. 
We apply the Stationary Wavelet Transform to 
decompose ECG signal into wavelet domain. 
Performance analysis was performed by evaluating 
Mean Square Error (MSE) and visual inspection 
over the denoised signal from each algorithm. The 
experimental result shows that Universal hard 
thresholding gives the best denoising performance 
on synthetic ECG signal. This result is consistent 
with the experiment on real ECG signal. The result 
shows that soft threshold not always gives better 
denoising performance; it depends on which 
wavelet thresholding algorithm was choosen. The 
use of Neighbourhood based thresholding on 
synthetic and real ECG signal shows over smooth 
denoised signal.  
I. INTRODUCTION 
HE electrocardiogram (ECG) is a diagnostic tool 
that measures and records the bioelectrical activity 
of the heart. Interpretation of this measurement allows 
clinician to diagnose a wide range of cardiac 
conditions. Automatic ECG signal analysis plays an 
important role to ease clinician to evaluate ECG signal 
in detail. To perform accurate ECG analysis, noise 
free ECG signal is required. Unfortunately, the ECG 
often contaminated by noise and artifacts that burried 
within the frequency band of interest and could 
manifest with similar morphologies as the ECG itself. 
Clifford et al., classify ECG contaminants into several 
class i.e., power line interference, electrode pop or 
contact noise, patient–electrode motion artifacts, 
Electromyographic (EMG) noise, Baseline drift, data 
collecting device noise, electrosurgical noise, 
quantization noise and aliasing, and signal processing 
artifacts [1]. Although each of these contaminants 
 
 
could be reduced by the use of hardware and 
experimental setup, it is almost impossible to remove 
all contaminants. Therefore, it is important to select 
appropriate algorithm to reduce the contaminants 
optimally. 
Denoising is a process to remove noise that is 
present in the signal. An ECG denoising algorithm 
should remove whatever noise is present and retain 
whatever signal is present regardless of the spectral 
content of the noisy signal. It has been shown in 
several works that wavelet transform has been proven 
as a powerful tool for signal analysis, and it is widely 
used in denoising applications. A vast literature has 
emerged recently on denoising via wavelet 
thresholding or shrinkage that is first introduced by 
Donoho and Johnstone [2]. The most well-known 
thresholds include universal D. J. method and 
universal Sure method also proposed by Donoho and 
Johnstone [2], [3].  
Several studies in wavelet thresholding algorithm 
have been recently done. The main purpose of these 
studies is to find optimal or near optimal wavelet 
threshold for signal denoising. Elena et al. suggested 
modified universal global and level independent 
wavelet threshold for ECG denoising [4], Kania et al. 
proposed wavelet denoising method for multilead 
ECG signal [5], Sudha et al. use the statistical 
parameter of wavelet coefficients to determine 
adaptive wavelet threshold [6], Sun et al. suggested 
optimal wavelet threshold using genetic algorithm [7], 
Bhat et al. applied the neighbourhood based wavelet 
threshold to reduce noise from images [8].  
The objective of this study is to determine the 
optimal wavelet thresholding algorithm for synthetic 
and real ECG signal denoising using stationary 
wavelet transform. There is a literature on 
comparative study of wavelet denoising algorithm [9], 
they use the Discrete Wavelet Transform to 
decompose signal into wavelet domain. Hernandez 
and Olvera suggested that Stationary Wavelet 
Transform gives better denoising performance on 
ECG signal [10]. The identification of optimal wavelet 
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thresholding algorithm is important to achieve the best 
denoising performance from Stationary Wavelet 
Transform. In this study we also apply Neighbourhood 
based wavelet thresholding algorithm and compare the 
result with Universal, Rigrous SURE, and Minimax 
thresholding algorithm. 
II. WAVELET TRANSFORM 
Wavelet is a wave-like oscillation signal of limited 
duration that starts out at zero, increases, and then 
decreases back to zero. A family of wavelets can be 
constructed from a function (t), sometimes known as 
a "mother wavelet," which is confined in a finite 
interval. "daughter wavelets" a,b(t) are then formed 
by translation (b) and contraction (a) 
 
𝜓𝑎 ,𝑏 𝑡 =
1
 𝑎
𝜓  
𝑡 − 𝑏
𝑎
  (1) 
 
Discrete Wavelet Transform (DWT) which is based 
on sub-band coding is found to yield a fast 
computation of Wavelet Transform. DWT uses the set 
of dyadic scales and translates from the mother 
wavelet to form an orthonormal basis for signal 
analysis. DWT decomposes the signal into an 
approximation and detail coefficients. The 
approximation coefficients is subsequently divided 
into new approximation and detailed coefficients as 
shown in Fig. 1. Decomposition of a signal x(t) can be 
expressed in (2). 
 
𝑥 𝑡 =   𝑑𝑗 ,𝑘𝜙𝑗 ,𝑘 𝑡 
𝑘∈𝑍
 
𝐽−𝑀≤𝑗<𝐽
  
+  𝑐𝑗 ,𝑘𝜓𝑗 ,𝑘 𝑡 
𝑘∈𝑍
 (2) 
 
𝜙(t) is the scaling function, ψ(t) is the wavelet 
functions. The decomposition formula of x(t) for the 
wavelet transform is 
 
𝑐𝑗 ,𝑘 =  𝑕𝑛−2𝑘𝑐𝑗+1,𝑛
𝑛
 (3) 
𝑑𝑗 ,𝑘 =  𝑕𝑛−2𝑘𝑑𝑗+1,𝑛
𝑛
 (4) 
 
hn and gn are the wavelet transform conjugate mirror 
filter of 𝜙(t) [11]. 
III. STATIONARY WAVELET TRANSFORM 
DWT has shown good performance in application 
such as data compression where compact signal is 
required. The loss of invariant translation property of 
DWT causes this transformation not optimal for noise 
reduction application. Stationary Wavelet Transform 
(SWT) is variation of DWT that allows invariant 
translation property retained [12]. For a signal x ∈ L2 
(ℝ), SWT is given by: 
 
𝜔𝑣 𝜏 =
1
 𝑣
 𝑥 𝑡 𝜓 ∗  
𝑡 − 𝜏
𝑣
 𝑑𝑡
∞
−∞
 (5) 
𝑣 = 2𝑘 , 𝑘 ∈ 𝑍, 𝜏 ∈ ℝ  
 
where ωv(τ) are the SWT coefficients on scale v and 
shift τ, and ψ* is the complex conjugation of the 
mother wavelet. 
 SWT does not downsample approximation and 
detail coefficients in each decomposition levels, 
instead upsamples the low and high pass filter 
coefficients in each level. Hernandez and Olvera [10] 
stated that SWT better than DWT for ECG denoising 
application due to three characteristics of SWT: 
invariant translation property for better discontinuity 
detection on the signal, better smoothness and 
exactitude balance than the DWT, better peak 
detection. 
IV. WAVELET BASED DENOISING 
A signal is given by y = x + e, where x denotes the 
unknown noise free signal and e the noise. Unless 
otherwise specified e is white gaussian noise with 
mean 0 and variance 1. The general task of denoising 
is to obtain a signal 𝑥  that is as close as possible to x. 
Fig. 1 shows wavelet-based denoising scheme, W 
denotes the orthogonal wavelet transformation, H the 
thresholding function, and W
−1
 the inverse orthogonal 
wavelet transformation. 
 
 
Fig. 1.  Wavelet based denoising scheme [13]. 
 
The main idea of wavelet denoising is set the 
smaller wavelet coefficients which are assumed to 
belong to the noise to zero by applying a non-linear 
thresholding function in order to eliminate the noise 
while preserving the underlying signal. Thresholding 
of the wavelet coefficients can be done using either 
hard thresholding 
 
𝑇𝜏
𝑕 𝑣 =  
𝑥 𝑖𝑓 |𝑣| > 𝜏
 0 𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒
  (6) 
 
or soft thresholding 
 
𝑇𝜏
𝑕 𝑣 =   𝑠𝑔𝑛 𝑣 
 𝑣 − 𝜏
𝑣
 𝑖𝑓  𝑣 > 𝜏
 0                      𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒
  (7) 
 
The computed thresholds need a noise level 
estimator which is expressed as 𝜎 = 𝑀𝐴𝐷(𝑐)/
0.6745, where MAD(c) denotes median absolute 
deviation of wavelet coefficients c. The factor 0.6745 
is chosen for calibration with the gaussian distribution 
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[13]. This estimator is used for threshold calculation in 
the following wavelet thresholding algorithms. 
A. Universal 
The Universal thresholding algorithm was proposed 
by Donoho and Johnstone [2], also known as 
VisuShrink. This algorithm uses a fixed threshold 
form 𝜏𝑈𝑁𝐼 = 𝜎 2𝑙𝑜𝑔(𝑛), where n denotes the length 
of the signal. 
B. Rigrous SURE 
The Rigorous SURE thresholding describes a 
scheme that uses different threshold value at each 
resolution level of the wavelet coefficients. This 
algorithm uses the Stein's Unbiased Risk Estimate 
(SURE) criterion to get an unbiased estimate [2]. The 
threshold is computed as follows 
 
𝜏𝑆𝑈𝑅𝐸 = arg 𝑚𝑖𝑛0<𝜏<𝜏𝑈𝑁𝐼 𝑆𝑈𝑅𝐸  𝜏,
𝑐
𝜎
  (8) 
 
where SURE(τ,x) is defined as 
 
𝑆𝑈𝑅𝐸 𝜏;𝑥 = 𝑛 − 2♣ 𝑖:  𝑋𝑖 ≤ 𝜏 + [min  𝑋𝑖 , 𝜏 ]
2
 (9) 
 
and ♣ denotes the cardinality of the set {i:|Xi|≤τ}. 
C. Minimax 
The Minimax thresholding algorithm also proposed by 
Donoho and Johnstone [2]. This algorithm uses a fixed 
threshold chosen to yield minimax performance for 
mean square error against an ideal procedure. The 
optimal threshold is computed as 
 
𝜏𝑀 = 𝜎𝜏𝑛
∗  (10) 
 
where 𝜏𝑛
∗  is defined as the value of τ and it is obtained 
from 
 
𝛵𝑛
∗ = 𝑖𝑛𝑓𝜏  𝑠𝑢𝑝𝑑  
𝑅𝜏(𝑑)
𝑛−1+𝑅𝑜𝑟𝑎𝑐𝑙𝑒 (𝑑)
  (11) 
 
Rτ(d)=E(δτ(d)-d)
2
 and Roracle(d) is ideal risk achieved 
with the help of an oracle. Two oracles are considered, 
diagonal linear projection (DLP) and the diagonal 
linear shrinker (DLS). DLP states when to “keep” or 
“kill” each empirical wavelet coefficient, while DLS 
states how much shrinking is applied to each wavelet 
coefficient. The ideal risks for these oracles are given 
by 
𝑅𝑜𝑟𝑎𝑐𝑙𝑒
𝐷𝐿𝑃  𝑑 : = min⁡(𝑑2, 1) (12) 
𝑅𝑜𝑟𝑎𝑐𝑙𝑒
𝐷𝐿𝑆  𝑑 : =
d2
d2+1
 (13) 
 
where min ( . ) denotes the minimum value of d
2
. The 
minimax principle is used in statistics to design 
estimators. Since the de-noised signal can be 
assimilated to the estimator of the unknown regression 
function, the minimax estimator is the option that 
realizes the minimum, over a given set of functions, of 
the maximum mean square error. 
D. Neighbourhood based 
Cai and Silverman [14] proposed a method taking 
the immediate neighbor wavelet coefficients for 1D 
signal. Suppose cj,k the set of wavelet coefficients of 
signal corrupted with noise and if 
 
𝑆𝑗 ,𝑘
2 = 𝑐𝑗 ,𝑘−1
2 + 𝑐𝑗 ,𝑘
2 + 𝑐𝑗 ,𝑘+1
2 ≤ 𝜏2  (14) 
 
then wavelet coefficients cj,k are set to zero. Otherwise 
shrink the coefficients using formula 
 
𝑐𝑗 ,𝑘 =  𝑐𝑗 ,𝑘  
1−𝜏2
𝑆𝑗 ,𝑘
2   (15) 
 
where τ=σ√(2log n2) 
V. EXPERIMENTAL RESULT AND DISCUSSION 
We setup the experiment using synthetic and real 
ECG signal to compare denoising performance of 
wavelet thresholding algorithm. The usage of 
synthetic ECG signal allow us to measure denoising 
performance of each wavelet thresholding algorithm 
by comparing denoised and original signal. We also 
use the real ECG signal to view performance of 
wavelet thresholding algorithm in realistic signal.  
A. Data 
ECGSYN was used to generate realistic synthetic 
ECG signal [15]. Ten ECG data with heart rate range 
from 60 to 100 bpm are generated. Each data consist 
of noise free and noisy signal with σ = 0.2, 0.3 and 
0.4. Fig. 2 shows first generated ECG signal from 
ECGSYN. 
The real ECG signal was extracted from ECG 
channel of polysomnography recording from four 
different subjects. This polysomnography recording 
was acquired from sleep disorder clinic - Mitra 
Kemayoran Hospital, Jakarta. Fig. 3 shows the first 
record of this ECG signal. 
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Fig. 2.  First data of generated syntethic ECG signal from ECGSYN  
(from top to bottom: noise free, noise σ=0.2, σ=0.3, σ=0.4 mV) 
 
 
Fig. 3. First record of real ECG signal extracted from 
polysomnography recording 
B. Wavelet Denoising 
First stage of wavelet denoising process is forward 
stationary wavelet transformation to transform noisy 
signal into wavelet domain. Based on our preliminary 
study, the best wavelet for ECG denoising is coif1 
with four level of decomposition. The result of this 
preliminary study is consistent with previous study by 
Tan et al. [16]. The next stage is to apply thresholding 
function on detail wavelet coefficient. We select four 
wavelet thresholding algorithms i.e. Universal, 
Rigrous SURE, Minimax, and Neighbourhood based 
threshold. The final stage is inverse stationary wavelet 
transform of thresholded wavelet coefficient back to 
time domain. The result of the final transformation is 
the denoised signal. 
C. Evaluation Method 
We compare the experimental result from each 
wavelet thresholding algorithm using Mean Square 
Error (MSE) which is a common evaluation measure 
for de-noising process. MSE of denoised signal 𝑥  with 
the ground truth signal x computed as 
 
𝑀𝑆𝐸(𝑥, 𝑥 ) =
1
𝑛
 (𝑥 𝑖 − 𝑥 [𝑖])2
𝑛
𝑖=0
 (16) 
 
where n denotes the length of the signal. 
D. Synthetic ECG Denoising Result 
The result of wavelet denoising on synthetic ECG 
using Universal, Rigrous SURE, Minimax, and 
Neighbourhood based threshold shown on Table I, 
Table II, and Table III. Each table shows the MSE of 
denoising result for different noise level, i.e. σ = 0.2, 
0.3, and 0.4 mV. According to Table I and II, 
Universal thresholding algorithm with hard threshold 
shows the best denoising performance. The result on 
Table III suggested that Minimax thresholding 
algorithm slightly better denoising performance 
compared to Universal thresholding. Overall, the best 
denoising performance for all level of noise level 
shown by Universal thresholding algorithm using hard 
threshold. 
 
TABLE I 
MSE OF DE-NOISING RESULT WITH NOISE σ = 0.2 mV 
Data 
Universal RSURE Minimax 
Neighbour 
Soft Hard Soft Hard Soft Hard 
1 0.00553 0.00160 0.00212 0.00277 0.00309 0.00210 0.04531 
2 0.00588 0.00144 0.00216 0.00320 0.00310 0.00187 0.04413 
3 0.00605 0.00145 0.00204 0.00214 0.00312 0.00158 0.04603 
4 0.00700 0.00177 0.00220 0.00300 0.00372 0.00185 0.04731 
5 0.00639 0.00175 0.00219 0.00271 0.00354 0.00220 0.04194 
6 0.00585 0.00149 0.00190 0.00210 0.00307 0.00164 0.04267 
7 0.00796 0.00184 0.00234 0.00280 0.00421 0.00186 0.04199 
8 0.00681 0.00177 0.00204 0.00311 0.00358 0.00187 0.04355 
9 0.00515 0.00181 0.00202 0.00327 0.00287 0.00220 0.04186 
10 0.00679 0.00220 0.00232 0.00331 0.00376 0.00234 0.04022 
Avg. 0.00634 0.00171 0.00213 0.00284 0.00341 0.00195 0.04350 
 
TABLE II 
MSE OF DE-NOISING RESULT WITH NOISE σ = 0.3 mV 
Data 
Universal RSURE Minimax 
Neighbour 
Soft Hard Soft Hard Soft Hard 
1 0.00996 0.00329 0.00424 0.00611 0.00587 0.00452 0.05473 
2 0.01066 0.00314 0.00452 0.00699 0.00597 0.00365 0.05417 
3 0.01104 0.00295 0.00406 0.00420 0.00599 0.00295 0.05501 
4 0.01250 0.00416 0.00465 0.00495 0.00715 0.00354 0.05868 
5 0.01148 0.00378 0.00423 0.00512 0.00663 0.00414 0.05270 
6 0.01064 0.00338 0.00355 0.00420 0.00599 0.00312 0.05253 
7 0.01418 0.00397 0.00448 0.00517 0.00800 0.00365 0.05309 
8 0.01247 0.00382 0.00464 0.00502 0.00685 0.00363 0.05376 
9 0.00959 0.00346 0.00401 0.00563 0.00551 0.00431 0.05040 
10 0.01193 0.00409 0.00462 0.00709 0.00687 0.00463 0.04968 
Avg. 0.01144 0.00360 0.00430 0.00545 0.00648 0.00381 0.05347 
 
The use of hard threshold gives better denoising 
performance on Universal and Minimax thresholding 
algorithm. On the contrary, the use of soft 
thresholding gives better denoising performance on 
Rigrous SURE algorithm. 
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TABLE III 
MSE OF DE-NOISING RESULT WITH NOISE σ = 0.4 mV 
Data 
Universal RSURE Minimax 
Neighbour 
Soft Hard Soft Hard Soft Hard 
1 0.01459 0.00598 0.00689 0.01104 0.00909 0.00758 0.06290 
2 0.01563 0.00642 0.00676 0.01151 0.00943 0.00592 0.06261 
3 0.01614 0.00609 0.00651 0.00654 0.00946 0.00457 0.06326 
4 0.01793 0.00729 0.00775 0.00760 0.01104 0.00580 0.06718 
5 0.01675 0.00727 0.00726 0.00774 0.01040 0.00650 0.06212 
6 0.01544 0.00582 0.00610 0.00659 0.00939 0.00530 0.06063 
7 0.02044 0.00814 0.00748 0.00842 0.01238 0.00578 0.06219 
8 0.01822 0.00668 0.00760 0.00702 0.01074 0.00587 0.06344 
9 0.01437 0.00594 0.00659 0.00958 0.00872 0.00716 0.05907 
10 0.01726 0.00757 0.00755 0.01282 0.01063 0.00740 0.05819 
Avg. 0.01668 0.00672 0.00705 0.00889 0.01013 0.00619 0.06216 
 
In our experiment with the synthetic ECG signal, 
wavelet denoising based on Neighbourhood based 
algorithm does not shows good performance. The 
MSE of denoising result using this algorithm on some 
cases are very large, it could reach more than 10 times 
larger than the other methods. Fig. 4 through Fig. 7 
displays the plot of denoised signal of the first 
synthetic ECG signal using various wavelet 
thresholding algoritm. Universal thresholding with 
hard threshold shows the best denoised signal visually. 
Rigrous SURE and Minimax thresholding generate 
several extra spikes (on 700
th
 and 950
th
 samples) on 
the denoised signal, but Rigrous SURE gives better 
result visually. The result of wavelet denoising using 
Neighbourhood based algorithm does not shows extra 
spikes and retain the fiducial point of ECG signal, but 
resulted signal seems too smooth. 
 
 
Fig. 4. Denoising result of the first synthetic ECG signal corrupted 
with noise σ = 0.2 using Universal hard threshold 
 
 
Fig. 5. Denoising result of the first synthetic ECG signal corrupted 
with noise σ = 0.2 using Rigrous soft threshold 
 
 
Fig. 6. Denoising result of the first synthetic ECG signal corrupted 
with noise σ = 0.2 using Minimax hard threshold 
 
 
Fig. 7. Denoising result of the first synthetic ECG signal corrupted 
with noise σ = 0.2 using Neighbour based threshold 
E. Real ECG Denoising Result 
Fig. 8 through Fig. 11 displays the plot of denoised 
signal of the first real ECG signal using various 
thresholding algoritm. We cannot measure the MSE 
from this experiment, because we didn’t have noise 
free signal to compare. Evaluation on real ECG 
denoising experiment can only be done by analyzing 
the result visually. 
Consistent with the experiment on synthetic ECG 
signal, Uniform thresholding demonstrates slightly 
better denoised signal than Minimax threshold 
visually. The result of Rigrous SURE thresholding 
shows substantial number of spike on denoised signal. 
Wavelet denoising using Neigbourhood based 
thresholding also consistent with the experiment on 
synthetic ECG signal, i.e. does not shows extra spikes 
and over smooth, but this algoritm makes denoised 
signal seems flatten the signal so that may removes 
some fiducial point from ECG signal. 
 
 
Fig. 8. Denoising result of the first record of real ECG signal using 
Universal hard threshold 
 
 
Fig. 9. Denoising result of the first record of real ECG signal using 
Rigrous SURE soft threshold 
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Fig. 10. Denoising result of the first record of real ECG signal using 
Minimax soft threshold 
 
 
Fig. 11. Denoising result of the first record of real ECG signal using 
Neighbour based threshold 
VI. CONCLUSION 
In this paper we present the optimal selection of four 
wavelet thresholding algorithms using Universal, 
Rigrous SURE, Minimax, and Neighbourhood based 
threshold to denoise synthetic and real ECG signal. 
The experimental result shows the best performance 
on synthetic ECG signal is achieved by Universal 
thresholding algorithm using hard threshold. On the 
real ECG signal, Universal thresholding demonstrate 
slightly better denoised signal. The use of 
Neighbourhood based threshold algorithm seems to 
over smooth the denoised signal, this fact more 
apparent on real ECG signal. The result shows that 
soft threshold does not always give better denoising 
performance. On Universal and Minimax thresholding 
algorithm, hard threshold gives better result than soft 
threshold. Conversely, soft threshold gives better 
result than hard threshold on Rigrous SURE 
algorithm. 
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